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ABSTRACT. In this article we develop a theory of contact systems with non-
holonomic constraints. We obtain the dynamics from Herglotz’s variational
principle, by restricting the variations so that they satisfy the nonholonomic
constraints. We prove that the nonholonomic dynamics can be obtained as a
projection of the unconstrained Hamiltonian vector field. Finally, we construct
the nonholonomic bracket, which is an almost Jacobi bracket on the space of
observables and provides the nonholonomic dynamics.

1. Imtroduction. Nonholonomic dynamics refers to those mechanical systems that
are subject to constraints on the velocities (these constraints could be linear or non-
linear).

In the Lagrangian picture, a nonholonomic mechanical system is given by a
Lagrangian function L : TQQ — R defined on the tangent bundle T'Q of the configu-
ration manifold ), with nonholonomic constraints provided by a submanifold D of
TQ. We assume that 7q(D) = @, where 7 : TQ — @ is the canonical projection
to guarantee that we are in presence of purely kinematic constraints. D could be
a linear submanifold (in this case, D can be alternatively described by a regular
distribution D on @), or nonlinear.

Even if nonholonomic mechanics is an old subject [15], it was in the middle of
the nineties that it received a decisive boost due to the geometric description by
several independent teams: Bloch et al. [3], de Leén et al. [16, 12, 11, 10, 17, 27]
and Bates and Sniatycki [2], based on the seminal paper by J. Koiller in 1992 [29].
Another relevant but not so well known work is due to Vershik and Faddeev [46]
(see also [4, 31, 30, 32, 33, 39, 40] for other developments in the field). A good
reference for a historical review is [19].

Nowadays, nonholonomic mechanics is a very active area of the so-called Geo-
metric Mechanics.
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The geometric description of nonholonomic mechanics uses the symplectic ma-
chinery. The idea underlying is that there exists an unconstrained system as a
background and one can recover the nonholonomic dynamics by projecting, for in-
stance, the unconstrained one. Due to their symplectic backstage, the dynamics is
conservative (for linear and ideal constraints).

However, there are other kind of nonholonomic systems that do not fit on the
above description. One can imagine, for instance, a nonholonomic system subject
additionally to Rayleigh dissipation [9, 37, 38]. Another source of examples comes
from thermodynamics, treated in [21, 22] with a variational approach.

Nevertheless, there is a natural geometric description for these systems based on
contact geometry. Contact Hamiltonian systems have attracted a lot of attention
in the last years; the dynamics of singular Lagrangian systems [15], symmetries
and dissipated quantities [14, 20], applications to thermodynamics [42, 44], discrete
dynamics [41, 45], among others.

Contact geometry is, to some extent, an odd-dimensional version of symplec-
tic geometry. In the Lagrangian view, we have a function L : TQ x R — R,
L = L(q*,¢', ), where z is a variable indicating friction (or a thermal variable in
thermodynamics) and the equations of motion are obtained using the contact 1-form

np =dz — ar, (1)

where «, is the Liouville 1-form on 7T'Q obtained from the regular Lagrangian L
and the geometry of T'QQ. The energy of the system is

E,=A(L)-L, (2)

where A is the Liouville vector field on TQ (extended in the natural way to TQ x R)
and the dynamics is obtained through the equation

bp(Pr) =dEL — (Re(EL) + EL)nL, (3)
where R, is the Reeb vector field for the contact form 7, and
b (X) = ex(dne) +nu(X)nL (4)

for any vector field X on TQ x R. Then, 'y, is a SODE on T'Q xR, and its solutions
(the projection on @ of its integral curves) coincide with the ones of the following

equations
OL dOL | OLOL _ (5)
0q¢t  dtd¢t 04 0z

Amazingly, Eq. (5) are the equations obtained by Gustav Herglotz in 1930 [26],
using a new variational principle. For this reason, we will refer from now on to
Eq. (5) as Herglotz equations.

So, our goal in the current paper is just to develop a contact version of Lagrangian
systems with nonholonomic constraints.

The structure of this paper is as follows. Section 2 is devoted to describe some
introductory material on contact and Jacobi structures; in particular, it is crucial to
notice that a contact structure is a particular case of a Jacobi manifold. In Section 3
we discuss the notion of contact Hamiltonian systems and describe the Lagrangian
formalism in that context.

Sections 4 and 5 are devoted to analyze the Herglotz principle for nonholonomic
systems (a sort of d’Alembert principle in comparison with the well-known Hamil-
ton principle). The reason to develop this subject is to justify the nonholonomic
equations proposed in Section 5. We remark that this is unrelated to [36]. There,
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the authors describe an unconstrained contact Hamiltonian system as a constrained
symplectic Hamiltonian system. However, they do not add constraints to the con-
tact system. Furthermore, they use a vakonomic principle, instead of a true non-
holonomic one.

Then, in Section 6, we construct an analog to the symplectic nonholonomic
bracket in the contact context. A relevant issue is that this bracket is an almost
Jacobi bracket (that is, it does not satisfy the Jacobi identity nor the Leibniz rule)).
This contact nonholonomic bracket transforms the constraints in Casimirs and pro-
vides the evolution of observables, as in the unconstrained contact case. In Section 7
we introduce the notion of almost Jacobi structure proving that the nonholonomic
bracket induces, in fact, an almost Jacobi structure. Then, we prove that this
structure is a Jacobi structure if and only if the constraints are holonomic.

Finally, we apply our results to a particular example, the Chaplygin’s sleight
subject to Rayleigh dissipation.

2. Contact manifolds and Jacobi structures. In this section we will introduce
the notion of contact structures and Jacobi manifolds. For a detailed study of these
structures see [43, 34].

Definition 1. A contact manifold is a pair (M,n), where M is an (2n + 1)-
dimensional manifold and 7 is a 1-form on M such that n A (dn)" is a volume
form. n will be called a contact form.

Remark 1. Some authors define a contact structure as a smooth distribution D
on M such that it is locally generated by contact forms 7 via the kernels ker 7.
This definition is not equivalent to ours, and is less convenient for our purposes, as
explained in [13].

As we know, if (M, n) is a contact manifold, there exists a unique vector field R,
called Reeb vector field, such that

trdn =0, rn=1. (6)
Let us now present the canonical example of contact manifold.

Example 1. Let (xi,yi,z) be the canonical (global) coordinates of R?"*1. Then,
we may define the following 1—form 7 on R2"+1:,

n = dz — yda’. (7)
Hence,
dn = dz' A dy;. (8)
So, the family of vector field {X;,Y*}; such that
0 0 .0
Xi= 2 4y, vi= 9
oxt ty 0z y; (9)

generates the kernel of 7. Furthermore,
dn (X;, X;) = dp(Y',Y7) =0, dy(X;,Y7) = 0.
Then, (R?"*1 1) is a contact manifold. Notice that, in this case, the Reeb vector
field is 2.
0z

We may even prove that any contact form locally looks like the contact form
defined in example 1.
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Theorem 1 (Darboux theorem). Suppose n is a contact form on a 2n + 1-
dimensional manifold M. For each x € M there are smooth coordinates (q*, p;, z)
centered at x such that

n=dz — p;d¢’. (10)
This system of coordinates will be called Darboux coordinates.

Furthermore, in Darboux coordinates the Reeb vector field is expressed by:
0
R=—. 11
0z (11)
The contact structure provides a vector bundle isomorphism:
b:TM —T"M,
v = Lpdn + n(v)n.
We denote also by b : X(M) — Q'(M) the associated isomorphism of C°°(M)-
modules. The inverse of b will be denoted by #. Notice that b(R) = .
The isomorphism b may be defined by contracting a 2—tensor given by
w=dn+n®mn. (13)
So, b(X) = w(X, ) for all X € X(M).
The form 7 and the Reeb vector field R provide the following Whitney sum
decomposition of the tangent bundle:
TM = kern @ ker dn. (14)

Notice that, by counting dimensions, it is easy to realize that ker dn is generated by
the Reeb vector field R.

We can classify a subspace of the tangent space regarding its relative position to
the aforementioned Whitney sum decomposition (14).
Definition 2. Let D, C T, M be a subspace, where x € M. We say that D, is

1. Horizontal if D, C kern,.
2. Vertical if R, € D,.
3. Oblique otherwise. By a dimensional counting argument, this is equivalent to
D, = (D, Nkern,) ® (R, + v,), with v, € kern, \ D,.
We say that a distribution D is horizontal /vertical/oblique if D, is horizon-
tal /vertical / oblique, for every point z, respectively.

For a distribution D C T M, we define the following notion of complement with
respect to w. Since w is neither symmetric nor antisymmetric, left and right com-
plements differ:

DL = {v e TM |w(w,v) = b(w)(v) = 0, Yw € D} = (D))",
D ={veTM |wv,w)=0,Yw e D} =b"1(D°).
These complements have the following relationship
oY =('D)’ =D (16)
Furthermore, we may interchange sums and intersections, since the annihilator in-

terchanges them and the linear map b preserves them. Consequently, if D,T" are
distributions, we have

(15)

(DNID)*t =D 414, (17a)
(D+T)" =D+ nrt, (17b)



CONTACT SYSTEMS WITH NONHOLONOMIC CONSTRAINTS 5

and analogously for the left complement.
However, in some important cases, both right and left complements coincide.

Lemma 2. Let D be a distribution on M.
e If D is horizontal, then
Dt =+D={veTM|dy(v,w) =0, Yw € D}. (18)

Hence, D+ is vertical.
e If D is vertical, then

Dt =1D = {v e kern | dn(v,w) = 0, Yw € (D Nkern)}. (19)
Hence, D+ is horizontal.
Proof. Assume that D is horizontal. Then for all w € D,
w(v,w) = dn(v,w) = —dn(w,v) = —w(w,v), (20)
since n(w) = 0. So, Eq. (18) follows.

Now, assume D is vertical. By using the Whitney sum decomposition (14), we
can write D = D’ & (R), where D' = D Nkery. Notice that (R)" = *(R) = ker.
By using (17), we deduce

DL = (D' +(R) =D n(R)"
="(D'+(R))="D'n"(R)
={veTM |dn(v,w) =0, Vv € D'} Nkern,

L

as we wanted to show. We have used the first item of the lemma, since D’ is
horizontal. O

Contact manifolds can be seen as particular cases of the so-called Jacobi mani-
folds [28, 35].

Definition 3. A Jacobi manifold is a triple (M, A, E), where A is a bivector field
(that is, a skew-symmetric contravariant 2-tensor field) and E € X(M) is a vector
field, so that the following identities are satisfied:

[A,A]=2EAA (21)
LA =[E,A] =0, (22)
where [-, -] is the Schouten—Nijenhuis bracket.

The Jacobi structure (M, A, E) of contact manifold (M, n) is given by
A(aa 5) = _dn(bil(a)a bil(ﬁ))? E=-R. (23&)

The Jacobi bivector A induces a vector bundle morphism between covectors and
vectors.

fa:TM* —TM
(24)
a— Aa, ).
In the case of contact manifolds, the map fip can be written directly in terms of
the contact structure [13, Section 3] as:
fiala) =b7Ha) — a(R)R. (25)

The Jacobi structure can be characterized in terms of a Lie bracket on the space
of functions C*° (M), the so-called Jacobi bracket.
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Definition 4. A Jacobi bracket {-,-} : C>°(M) x C*(M) — C*°(M) on a manifold
M is a map that satisfies

1. (C®°(M),{-,-}) is a Lie algebra. That is, {,-} is R-bilinear, antisymmetric
and satisfies the Jacobi identity:
{£: {9, h}} +{g.{h, 3} +{h.{f, 93} =0 (26)

for arbitrary f,g,h € C°(M).
2. Tt satisfies the following local condition: for any f,g € C*(M),

supp({f, g}) C supp(f) Nsupp(g), (27)
where supp(f) is the topological support of f, i.e., the closure of the set in
which f is non-zero.

This means that (C*(M), {-,-}) is a local Lie algebra in the sense of Kirillov [28].

Given a Jacobi manifold (M, A, E') we can define a Jacobi bracket by setting
{f,9} = A(df,dg) + fE(9) — gE(f)- (28)

In fact, every Jacobi bracket arises in this way.

Theorem 3. Given a manifold M and a R-bilinear map {-,-} : C>*(M)xC>®(M) —
C>®(M), the following statements are equivalent.

1. The map {-,-} is a Jacobi bracket.
2. (M,{-,-}) is a Lie algebra which satisfies the generalized Leibniz rule

{f,gh} = g{f. b} + h{f, g9} + FgE(h), (29)
where E is a vector field on M.

3. There is a bivector field A and a vector field E such that (M, A, E) is a Jacobi
manifold and {-,-} is given as in Eq. (28).

For a proof, see [15].

3. Contact Hamiltonian systems. Given a Hamiltonian function H on the con-
tact manifold (M,n) we define the contact Hamiltonian vector field Xy by the
equation
b(Xy)=dH — (R(H)+ H)n. (30)
We will omit the word contact and call Xy simply a Hamiltonian vector field.
We call the triple (M, n, H) a contact Hamiltonian system.

Proposition 1. Let H be a Hamiltonian function. The following statements are
equivalent:

1. Xy is the Hamiltonian vector field of H.
2. It satisfies that

n(Xnu)=—H, (31a)
tX AN kerny = dH | xery (31b)
3. It satisfies that
n(Xu)=—H, (32a)
Lx,n=an, (32b)

for some function a. Notice that this implies that a = —R(H)
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4. Let (A,—R) be the Jacobi structure induced by the contact form n (see
Eq. (23a)). Then,
Xy =4r(dH) — HR. (33)
By Cartan’s formula, the following identity is also satisfied,
txydn =dH — R(H)n. (34a)
Contrary to the symplectic case, the energy and the phase space volume are not

conserved (see [13, 7]).

Proposition 2 (Energy and volume dissipation). Given a Hamiltonian system
(M,n, H), the energy is not preserved along the flow of Xg. Indeed,

Lx,H=-R(H)H. (35)
The contact form is also not preserved:
Lxyn=—R(H)n. (36)
However, if H does not vanish, the modified contact form
il
=g (37)
is preserved. That is,

Moreover, — X is the Reeb vector field of 1.
The contact volume element Q@ =n A (dn)™ is not preserved. In fact,

LxyQ=—(n+1)R(H)Q. (39)

However, if H does not vanish, the following modified volume element is pre-
served:
Q=H" "0 =7/ (d7)", (40)
that is,
Lx,Q=0. (41)
An important case of contact manifold is the manifold T'Q) x R where @ is an
n—dimensional manifold. When L : TQ x R — R is a reqular Lagrangian function,
that is, its Hessian matrix with respect to the velocities

9?L
wa = (a707) 2

is regular, then (T'Q x R,7yr) is a contact manifold. Here (¢°, ¢*, z) are the natural
coordinates on T'Q X R induced by coordinates (qz) on @. The contact form 7y, is
given by

nr =dz — ag, (43)
where
oL .
= S5*(dL) = —d¢* 44

and S is the canonical vertical endomorphism on T'Q) extended in the natural way
to T'Q x R (see [18] for an intrinsic definition). The form 7y, is called the contact
Lagrangian form. Locally, we have that ny, = dz — gq.Li dg* and, hence

0%L
0¢*0z

02L . L 0L,
dnp, = ———dg¢* A d ——_dq¢* Adg"*

dg’ A dz. (45)
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The energy of the system is defined by
_ 0L
where A = ¢ a?f is the Liouville vector field on T'Q) extended to T'QQ x R in the
natural way .

Hence, (TQ x R,nr,EL) is a contact Hamiltonian system. Thus, we define
a contact Lagrangian system as a Lagrangian function L defined on the extended
tangent bundle T'Q) X R whose dynamics is given by the contact Hamiltonian system
(TQ X Ra L, EL)

The Reeb vector field will be denoted by Ry, and it is given in bundle coordinates
by

Ep=A(L)—L L, (46)

_ ﬁ _ W 0’L i
0z 0410z 0¢7’

where (W) is the inverse of the Hessian matrix with respect to the velocities (42).
The dynamics is given by the Lagrangian vector field, which is provided by

b (Tr) =dEL — (EL + R(EL))nL, (48)

where b (v) = t,dng, + nr(v)nr is the isomorphism defined in Eq. (12) for this
particular contact structure. We remark that 'y, is just the contact Hamiltonian
vector field of the system (T'Q x R, 7, EL) in the sense of (30).

Definition 5. A vector field X on T'Q x R is called a SODE if it satisfies that
S(X)=A (49)

Re

(47)

Let (qz) be a local system of coordinates on ). Then, a vector field on TQ x R
is (locally) expressed as follows

X (q)

So, Eq. (49) reduces to

13}
oq'

0 0

+ X (¢")

X (¢") =4¢', Vi
Then, it may be easily checked that the vector field I'z, is a SODE (Theorem 4).
Proposition 3. Let X be a vector field on TQ x R. X is a SODE if and only if

any integral curve of X is written (locally) as (f,é,s) for some (local) curve € on

Q.

4. The Herglotz variational principle. The Herglotz principle was introduced
by G. Herglotz [26], and has been rediscovered by B. Georgieva et al. [24, 23]. More
recently, A. Bravetti et al. [5] has connected this principle with contact Hamiltonian
dynamics (see also [15] for a more recent approach). Let us now present this prin-
ciple and the derivation of the Herglotz equations. Consider a Lagrangian function
L:TQ xR — R and fix two points ¢1,¢g2 € @ and an interval [a,b] C R. We
denote by Q(q1, g2, [a,b]) C (C*([a,b] — Q) the space of smooth curves £ such that
&(a) = ¢1 and £(b) = g2. This space has the structure of an infinite dimensional
smooth manifold whose tangent space at £ is given by the set of vector fields over
¢ that vanish at the endpoints [1, Proposition 3.8.2], that is,

TeA a1, g2, [a, b]) = {ve € C=([a,0] = TQ) |

r o v = £ ve(a) = 0, ve(b) = 0}. (50)
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The elements of T¢Q(q1, g2, [a, b]) will be called infinitesimal variations of the curve
&. We will consider the following maps. Let

Z:C*(la,b] = Q) = C*=([a,b] = R) (51)

be the operator that assigns to each curve £ the function Z(£) that solves the
following ordinary differential equation (ODE):

% = L(E(1),€(1), Z()(1),  Z(&)(a) =0. (52)

Now we define the action functional as the map which assigns to each curve the
solution to the previous ODE evaluated at the endpoint, namely,

A a1, 42, [a,0]) = R,
£ Z(8)(0).

We will say that a path £ € Q (g1, ¢2, Q) satisfies the Herglotz variational principle
if it is a critical point of A, i.e.,

(53)

TeA=0 (54)
As we have shown in [15, Thm. 2], the functional derivative of A is given by

1 oL d oL OLIL
TeA(v) = @/ v () (t) (aqi ~%5e T og a:;) dt,

where £ € Q(q1,q1, [a,b]), v € TeQ(q1, ¢1, [a, b]) and

o(t) = exp < / t gf:d7> . (56)

The critical points of this functional are those curves £ along which the following
equations are satisfied:

(55)

oL doL OLOL
o¢ _ diof of 0z
These equations are called Herglotz equations.

As it is proved in [15, Section 3], for a regular Lagrangian L, Herglotz equations
are equivalent to those obtained in a geometric way using the contact structure 7,
induced by the Lagrangian.

0. (57)

Theorem 4. Assume that L is reqular. Let I';, be the Hamiltonian vector field on
TQ x R associated to the energy (see Eq. (48)), i.e.,

(') =dEL — (R(EL) + Ep)ne.
Then,
1. T'p is a SODE on TQ x R.

2. The integral curves of Ty, are solutions of the Herglotz equations (57).

Proof. If we write Eq. (48) in local coordinates we have that

0 ;i ? )

Iy =¢'— .+ L= 58
L q an 8(]1 + 32’ ( )
and the local functions b® satisfy
0L 0L 9L oL OL OL
bk 4GP 4+ L = 59
oo U ogaqg " "0z00 og  0d 02 (59)

The result follows from this expression. O
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Sometimes, these equations are called generalized Fuler-Lagrange equations. Nev-
ertheless, we prefer using the name of Herglotz equations (57).

5. Herglotz principle with constraints. Consider now that the system is re-
stricted to certain (linear) constraints on the velocities modeled by a regular dis-
tribution D on the configuration manifold @) of codimension k. Then, D may be
locally described in terms of independent linear constraint functions {®},=1. . &
in the following way

D={veTq]|d*(v)=0}. (60)
Notice that, due to the linearity, the constraint functions ®* may be considered as
1-forms &% : @ — T*Q on Q. Without danger of confusion, we will also denote by
®? the 1-form version of the constraint ®*. This means that

e = & (q)q".

Let L : TQ x R — R be the Lagrangian function. One may then define the
Herglotz variational principle with constraints, that is, we want to find the paths £ €
Q(q1, g2, [a, b]) satisfying the constraints such that T¢.A(v) = 0 for every infinitesimal
variation v that is tangent to the constraints D. More precisely, we define the set

Qq1, ¢, [a,b})? ={v e TeQq1, g2, [a,b]) | v(t) € Dey) for all t € [a, b]}. (61)
Then, £ satisfies the Herglotz variational principle with constraints if and only if
L TeAjaq ga fainp = 0
2. {(t) € Dey) for all t € [a, b].
Using Eq. (55) one may easily prove the following characterization of the Herglotz

variational principle with constraints.

Theorem 5. A path £ € Q(q1, ¢2, [a,b]) satisfies the Herglotz variational principle
with constraints if and only if

OL dOL  OLOLY . ..
o¢  dtog ' ag 0z )" = TE® (62)
EeD

where D° = {a € T*Q | a(u) = 0 for all w € D} is the annihilator of D.

Taking into account Eq. (60), we have that D° is (locally) generated by the
one-forms ®*. Then ¢ satisfies the Herglotz variational principle with constraints if
and only if it satisfies the following equations

doL 0L OLOL

dtogt ¢t 9¢t 9z ! (63)
(£(t)) = 0.

for some Lagrange multipliers \;(¢’) and where ®* = ®¢dq"’.
From now on, Egs. (63) will be called the constrained Herglotz equations.

We will now present a geometric charaterization of the Herglotz equations similar
to Theorem 4. In order to do this, we will consider a distribution D' on TQ x R
induced by D such that its annihilator is given by
lO

D = (TQ o prTQxR)* D, (64)
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where 7¢ : T'Q — @Q is the canonical projection and prygyg : TQ X R — T'Q) is the
projection on the first component. In fact, we may prove that

D' =5 (T(DxR)°). (65)
Hence, DI is generated by the 1-forms on T'Q) X R given by
P = ddg’ (66)
Then, we have the following result.

Theorem 6. Assume that L is reqular. Let X be a vector field on T'Q xR satisfying
the equation

br (X) —dEL + (Er + Ry (EL))nz € D (67)
X|'DXR€%(DXR). ’
Then,

(1) X is a SODE on TQ x R.
(2) The integral curves of X are solutions of the constrained Herglotz equations

(63).

Proof. To prove this theorem we will take advantage of the calculations done for
the Herglotz equations (57). So, consider a vector field ¥ on T'Q) x R such that

by, (Y) e DV, (68)
Then, there exist some (local) functions A, such that

b (V) = A\ ®%dg".

Observe that n;, = dz — qui dg' and, hence (45)

2L . . 2L L |,
dng, = ————dq¢' Ad —_dq' AdgF —dq" Adz.
nr DG 0q" q Ndq +6ql(')q’f qg Ndgq +(’)qlaz qg Ndz
Thus,
L &L L 0L °L
dng = — —_dgF —dz.
() oz dme [aqzaqk aqkaqz] agoq 1 T 8gi0. "
i) 10 d R2L
Vb I T T hgiaqr
PL
(iil) vodng RREE q
Then,
o o o
0} () = o () + e ) ()

2L .
- aqiaqu (q )

t_o_dng (Y)
gt

Therefore, due to the regularity of L we have that Y’ (q’c ) = 0 for all k. Analogously,
contracting by %, we obtain that Y (z) = 0. This proves that

L (Y) =0.
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Finally
M® = o (Y)} (5{;) = tvdie (aii) ta () (3(22')
= o (@)
So,
(%Q;qu Y (%) = —A,@7 (69)

Next, consider a vector field X satisfying Eq. (67). Notice that by (X) — dEL +
(EL +Ry (Er))nr € (DY) if and only if by (I — X) € (D')° where I' is the
solution of the Herglotz equations (57). Then, denoting Y = I';, — X, we have that

.9 3] 0
X =¢— -+ L—.
T o oG o:
This proves that X is a SODE. So, by using Eq. (59) we have that
0’L ok 0’L B 0’L Jr6)L+5'L(97L
og7aq — © oqroq " 9z0¢ o = 0q 0z

+ Lo (¢) Y (¢)] (70)

Iy (%)

Then, using Eq. (69), we obtain

o 0L . 0%L L 9L 9L IL o 07
(d") G = 4 5 L st oS T, (d%) g,
oo} olatoli] 0204 dq d¢* 0z 0¢*dq
4 0L 0%’L OL OL 0L

_ oL oL OLOL g
U ofoq  “oz00 " og T ogos e

Notice that any integral curve of X may be written (locally) as (f,é,Z) with
Z=1L (f, £, Z) (see Eq. (70)). Then, we have that

O%L O%L . 0L oL oL OL
gk~~~ gk e . — - — [ox
Todoi ~ U agag  “o0g Tog Toagas Y

Equivalently,

dt 9¢t  Oq¢* 9¢t Oz
Let us now study the second equation in (67), that is, X|pxr € X(D x R). Let
(5 ,é ,Z) be an integral curve of X pyg. Then, by the condition of tangency we

deduce that (f,é) C7D,ie.,

o (g (t), € (t)) — 0, Va.
O

Therefore, Eq. (67) provides the correct nonholonomic dynamics in the context
of contact geometry. In the case of existence and uniqueness, the particular solution
to Eq. (67) will be denoted by I't p. We will now investigate the existence and
uniqueness of the solutions.
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Definition 6. A constrained Lagrangian system is given by a pair (L, D) where
L:TQ xR — R is aregular Lagrangian and D is a regular distribution on Q. The
constraints are said to be semiholonomic if D is involutive and non-holonomic oth-
erwise. The dynamics will be given by the constrained Herglotz principle explained
above.

Remark 2. [The distribution D!] From the coordinate expression of the constraints
@2 defining D! (Eq. (66)), one can see that Rz (®%) = 0, hence D' is vertical in the
sense of Definition 2.

Remark 3. Notice that T (D x R) may be considered as a distribution of T'Q x R
along the submanifold D x R. Then, it is easy to show that the annihilator of the
distribution 7' (D x R) is given by pri, g (TD)° where prpy g : D x R — D denotes
the projection on the first component. In fact, let (X, f) be a vector field on TQ xR,
that is, for all (v, z) € T;Q x R we have that
X (qu z) € Tuq (TQ); f (Uqa z) € T,R=R.

Then, for each (vy,2) € D x R, (X, f) (vq, 2) is tangent to D x R at (v, 2) if and
only if

dof, (X (vg,2)) =0, Va. (71)

Denoting " = ®* o prp, g, we may express Eq. (71) as follows
Z (6“) ~0, Ya (72)

where Z = (X, f). It is important to notice that, being D = (%) ™" (0), it satisfies
that
T('Uq,z) (D X R) = ker (Tvq (@a)) x R.

Let S be the distribution on T'Q x R defined by f, (Dlo> where 7, = bzl.

In order to find a (local) basis of sections of S, we will consider the 1-forms ®¢
generating D!°. For each a, Z, will be the local vector field on TQ x R satisfying

br (Z,) = 9. (73)

Then, S is obviously (locally) generated by the vector fields Z, and S C D'.
By using the proof of Theorem 6 we have that

, PL .
Za (q ) =Z4.(2) =0, Wza (qk) = —9; (74)
Then,
Zo = —Wiay D (75)
a k 8q1 9
ik s . . . 0%L ]
where (W) is the inverse of the Hessian matrix (W;;,) = o5oF ) Notice

that, taking into account that D!° is generated by the 1-forms on T'Q x R given by
O* = P2dq, it follows that
Scp (76)

Remark 4. [The distribution S] Notice, that, since D' is vertical (Remark 2), by

Lemma 2 § = l(Dl) = (Dl)l and S is horizontal. Hence n(S) = 0.



14 MANUEL DE LEON, VICTOR M. JIMENEZ AND MANUEL LAINZ

Assume now that there exist two solutions X and Y of Eq. (67). Then, by
construction we have that X — Y is tangent to T (D x R). On the other hand,

b (X —Y) =by (X —Tp)4b, (T, —Y) e D°.
Then, X — Y is also tangent to S. Thus, we may prove the following result:

Proposition 4. The uniqueness of solutions of Eq. (67) is equivalent to
SNT (D xR) ={0}.

Proof. Let X be a solution of Eq. (67). Then, X +T'is a new solution of Eq. (67)
forany I' e SNT (D x R). O

If the intersection S N T (D x R) were zero, we would be able to ensure the
uniqueness of solutions.
Let X = X"Z, be a vector field on D x R tangent to S. Hence, by Eq. (72), we
have that -

Xt (7,) = 0.
Equivalently,
X'Wkeho! =0, Va.
Define the (local) matrix C with coefficients
Cap = —WHOLB] = dP° (Z,) (77)

Then, it is easy to prove that (locally) the regularity of C is equivalent to the
condition SNT (D x R) = {0}.

One can easily verify that if the Hessian matrix (W;;) is positive or negative
definite this condition is satisfied.

From now on, we will assume that the Hessian matrix (W;;) is positive (or
negative) definite.

Remark 5. In general, we may only assume that the matrices C are regular.
However, for applications, in the relevant cases the Hessian matrix (W) is positive
definite. In particular, if the Lagrangian L is natural, that is, L = T — V (q, 2),
where T is the kinetic energy of a Riemannian metric g on @ and V is a potential
energy, then the Lagrangian L will be positive definitive.

Notice that, for each (vq,2) € D x R we have that
e dim (S|(vq,z)) =k
e dim (T(vq,z) (D X R)) =2n+1—-k

So, the condition of being positive (or negative) definite not only implies that S N
T (D x R) = {0} but also we have

S®T (D xR) =Tpyz (TQ x R), (78)
where Tpxr (T'Q x R) consists of the tangent vectors of TQ x R at points of D x R.
Thus, the uniqueness condition will imply the existence of solutions of Eq. (67).

In fact, we will also be able to obtain the solutions of Eq. (67) in a very simple way.
Indeed, let us consider the two projectors

P Tpxg (TQ xR) — T'(D x R), (79a)
Q: Tp«r (TQ X R) — S. (79b)
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Put X =P (FmeR). Then, by definition X € X (D x R). On the other hand,
at the points in D x R we have

by (X)—dEL + (EL + Ry (EL)) ne
=b, (T — QL) —dEL + (EL + Ry (EL))ne
= b, (Q(I'y)) € D

Therefore, by uniqueness, X|pxr = I'z,p is a solution of Eq. (67).

Let us now compute an explicit expression of the solution I'y, p. Let Y be a
vector field on T'Q) x R. Then, choosing a local basis {8;} of T (D x R) we may
write the restriction of Y to D x R as follows

Yipxr = Y'Bi + A\ Z,.
Thus, applying d®" we have that
43" (V) = A*Cha,
and we can compute the coefficients A\* as follows
AT = CYd3 (V) (80)
Hence, for all vector field Y on T'Q x R restricted to D x R
o Q(Yipyg) = C*dd’ (V) Z,.
o P (Yipur) = Vipuz — Ct°d®’ (Y) Z,.
Therefore, we have obtained the explicit expression of the solution I'z, p,
Frp=TL)pur — Cchadp” (T'L) Z,y (81)

Remark 6. From the regularity of the matrices C' , we deduce that the projections
P and Q may be extended to open neighborhoods of D x R. Consequently, P (I'r)
may also be extended to an open neighborhood of D x R. However, this extension
will not be unique.

From the projectors P and Q defined in Eq. (79) we may construct a new pair
of projectors P and Q acting on the covectors. These projectors will transform
Eq. (67) into an exact equation (see Theorem 7).

Notice that, as a consequence of the regularity we have that

Tjs (TQ x R) =5 0 D",
where § = b, (T(D xR)) and Tp,. 5 (TQ x R) are the 1—forms on 7Q x R
at points of D x R. Notice that, by construction, by (S) = D'°. Then, for
all agy, ) € T(fuq 2) (TQ x R) with (vq,2) € D x R, the associated projections
Q:ThH p (TQ xR) — D and P : T, (TQ x R) — S are given by
o Q(ag,.») =br (Q (1 (agw,.»)))-
* P (a(uy,5)) = (P (BL (au,.2)))-

So, the constrained Herglotz equations may be rewritten as follows
Theorem 7. Assume that L is regqular. Let X be a vector field on T'Q xR satisfying

the equations

{bL (X) =P (dEL + (B, + Ry (EL)) n1) (52)

X|’D><R € %(D X R)
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Then, the integral curves of X are solutions of the constrained Herglotz equations

(63), that is, X =T’ p is the solution of Eq. (67).

Let us recall that the contact Hamiltonian vector fields model the dynamics of
dissipative systems and, contrary to the case of symplectic Hamiltonian systems,
the evolution does not preserve the energy, the contact form and the volume (Propo-
sition 2), i.e.,

Lr, Ep =—-Rp(EL)EL,
Lr,ny =—Re (EL)nr.

This result may be naturally generalized to the case of non-holonomic constraints
by using these projectors.

Proposition 5. Assume that L is regular. The vector field I'r, p solving the con-
strained Herglotz equations satisfies that

Lr, »nr =—Rr (ErL)nr — Low,)NL, (83a)
L
Lo, iy =~ =2 (83b)
L
[’FL,DQL = —(TL + 1)RL(EL)QL —nr N d’r]L(n_l) A dEQ(pL)nL (83C)
‘CFL,DQL =7 A dﬁL(n_l) A dﬁQ(FL)ﬁL (83(1)

where i, = n1,/EL, assuming that Er does not vanish, Qr, = nr A (dng)" is the
contact volume element and Qr, = 1, A (dij)".
Furthermore, we have that Lo, ynL € Dl°.

Proof. The first fact follows from Ly, n, = =Ry (EL)nL.
The second claim follows from the product rule.
For the third claim, we perform the following computation

ﬁFL,’D ("7L A (d'r]L)n)
= —R(EL)nz A (dne)" + nnz A (dne)" ™" AdLr, p (nr)
= —(n + 1)R(EL)77L A (d?’]L)n —nL N dnL(nil) A d['Q(FL)nLv

A similar computation proves the fourth claim.
The last assertion is proved by writing Q (I'z) in coordinates depending on the
vector fields Z, defined in (73). O

6. Non-holonomic bracket. Consider a regular contact Lagrangian system with
Lagrangian L : TQ xR — R and constraints D satisfying the conditions in Section 5.
A bracket can be constructed by means of the decomposition Eq. (78).

Let us first consider the adjoint operators P* and Q* of the projections P
and Q, respectively. Obviously, the maps P* : T} p(TQ xR) — S° and
Q" : Th, x (TQ x R) — T° (D x R) induce a decomposition of T5, z (TQ x R)

Ther (TQ xR)=8°@T° (D x R) (84)
Notice that, using the proof of Theorem 6, we know that a solution I'y, p of the
Eq. (67) may be written (locally) as follows

0 0

%)

. 0
I'tp= q’a—qi +Trp (¢
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where I', p (¢') satisfies that

0?L 0?L %L oL 0L OL
r ) = —¢" - — L -+ — - — 4+ )\, D¢
12 (0) gerag = 4 agag  Lomog tog togo. T
On the other hand, recall that the codistribution D' is generated by the 1-forms
on T'Q x R given by ®* = ®¢dq". Thus, for each (vg, z) € T;Q x R we have that

(8" (L) (gr2) = (604 (v, 2)
= 0, (q)
P (vg)
with v, = ¢" (vg) for all i. Hence, by construction (see Eq. (60)), we have that for
each (v, 2) € Dy x R

{2 (T,p)} (vg, 2) = @ (vg) =0,
i.e.,
I'ypeD. (85)
Then, we have proved that any solution I', p to Eq. (67) is tangent to the
intersection of 7' (D x R) with D'.

Theorem 8. A vector field X on TQ X R satisfies
b (X)—dEL + (EL + R (EL))nL € DL°
if and only if
Lxn,+ R (EL)ny € D' (86)
nL (X) = —EL. ’
Proof. Assume that X fulfills
b (X) —dEL 4 (Ep + Ry (EL))n € D
Then, applying f, on both sides, we have that
X -1 (dEL)—F(EL—l-RL (EL))RL eS. (87)

Now, let us apply nr to Eq. (87) and, using that 7 (S) = 0 (Remark 4), then we
conclude that

nr (X) —nr (B2 (AEL)) + (EL + Ry (EL)) =0 (88)
Observe that, by definition

vy, (@e)dnr +nr (i (AEL)) nr = dEL.

So
| ABL (Ry) =Ry (Fr) = e (b2 (AFL). (59)
Therefore, Eq. (88) turns into the following equation
ne (X)=—-Eg (90)
On the other hand,
Lxnr = txdn +d(ne (X))

= bp(X)—nr (X)ny —dEL
= b (X)+Epn, —dEL
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Then,
Lxnr +Re(Er)ny = b (X)+Epn, —dEL + Ry (Er)ne
= by (X)—dEp+ (EL + Ry (EL))nL € D°
The other implication is proved by reversing the above computation. O

Then, as a corollary, we have another geometric equation equivalent to Eq. (67).
Corollary 1. A wvector field X on TQ X R satisfies Eq. (67) if and only if
Lxny + fnr € D
n (X) =—-Eg : (91)
Xipxr € X(D xR).
for some function f.
Proof. Notice that Ry, € D'. Then,
0= (Lxnr+ fnr) (Re) = Lxnr (Re) + f-
Therefore,
f = —Lxn(Re)
= —(d(ne (X)) (Re) — (exdnr) (Rr)
(dEL) (Re)
= Rp(EL)

O

Compare this to Eq. (32b), for the case without constraints. Notice the similarity
with proposition 5.

Let us now prove a technical but necessary lemma.

Lemma 9. The following identity holds

Q" (dEL) =0,
i.e., dEL € S8°.
Proof. Taking into account S C D! (76), we have that
DI° C &§° (92)

Let I';, p be a solution of Eq. (67). Then, using Corollary 1, we get
£FL,D877L + RL (EL) nL € S°
Hence, projecting by Q*,
Q" (‘CFL,DsnL) =0,

ie.,

Q" (trypdnr) = Q" (d(nz (Tr,p))) = Q" (dEL) (93)
However, for any other vector field Y on T'Q x R restricted to D x R,

[Q* (LFL,anL)} (Y)=dnr (T'r,p, Q(Y))
=[dnr +nr @ 0] (Fzp, Q(Y)) = 0.
The second and third equalities are consequence of Remark 4 and Eq. (85). Then
Q*(dEL) =0.
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O
Notice that, as a immediate consequence, we have that
dE;, =P* (dEyL) (94)
We may now define, along D x R, the following vector and bivector fields:
Rip=7P (RL\DXR) ) (95)
ALp =PALipxr, (96)

where Ay, is the Jacobi structure associated to the contact form 7, (see Eq. (23a)).
That is, for (vg,2) € DxRCTQ xR and o, B € T7, ) (TQ x R),

App (o, B) = AL (P* () ,P*(B)) .
This structure provides the following morphism of vector bundles
ﬂAL,D : TEXR (TQ X R) — Tpxr (TQ X R)a

a— App(a,-). (97)
Hence, we may prove the following result:
Lemma 10.
P(8a, (AEL)) = A, »(dEL). (98)
Proof. Let us consider an arbitrary « € T(’;q)z)(TQ x R) with (v,, 2) € D x R,
a (P (ta, (ABL(v,.»)))) = [P*a] (ta, (AL, ,2))
= AL(dEL|(v,,2), P*(a)),
Then, using Eq. (94), we get
a (P (far (AEL|w,.5))) = AL(P"(dEL), P*(a))
= AL (dEL) (),
and the result follows. O
Theorem 11. We have
o =4a,,(dEL) = ELRLp (99)
Proof. Along D x R, we have
I'pr=P(IL)
=P(Ha,(dEL) — ELRL)
=1fr, »(dEL) — ELRL D,
where we have used Lemma 10. O

Furthermore, we can define the following bracket from functions on 7'Q) x R to
functions on D x R, which will be called the nonholonomic bracket:

{f,9}r.a = AL p(df,dg) — fRLp(9) + 9Rrp(f) (100)

Theorem 12. The nonholonomic bracket has the following properties:
1. Any function g on TQ x R that vanishes on D x R is a Casimir, i.e.,

{gvf}L,A = 07 Vf eC™ (TQ X R)

2. The bracket provides the evolution of the observables, that is,
Iro(9) ={EL,9}r,a — gRLD(EL). (101)
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Proof. For the first assertion, let g be a function which vanishes on D x R and let f
be any function on T'Q x R. Notice that this implies that dg € (T(D x R))°, hence
P*(dg) = 0. Then, along D x R, we have that

{9, f}r.a = Arp(dg,df) — gRLp(f) + fRLD(9)
= Ar(P*(dg), P*(df)) — gRrp(f) + fRr,p(g) = 0.
For the second part, notice that
{Er,9}p.a —9RLp(EL) = AL p(dEL,dg) — ELRLp(9) = 'Lp(9),

where we have used Theorem 11. O

Notice that, in particular, all the constraint functions ®* are Casimir.
It is also remarkable that, using the statement 1. in Theorem 12, the nonholonomic
bracket may be restricted to functions on D x R. Thus, from now on, we will refer
to the nonholonomic bracket as the restriction of {-, -} A to functions on D x R.

7. Integrability conditions for the nonholonomic bracket. Until now, we
have defined a structure given by a vector field Ry p and a bivector field Az p (see
Eq. (95)) which induce the nonholonomic bracket (104)

{fi9tr.a =ArLp(df,dg) — fRLD(9) + 9RLp(f)- (102)
This structure is quite similar to a Jacobi structure (see Section 2). In fact, we
may prove the following result.

Proposition 6. The nonholonomic bracket endows the space of differentiable func-
tions on D xR with an almost Lie algebra structure [8] which satisfies the generalized
Leibniz rule

{frgh}r.a =g{f,h}r.a +h{f 9}r.a —ghRr p(h), (103)

Proof. The nonholonomic bracket obviously satisfies that it is R—linear and skew-
symmetric. The generalized Leibniz rule follows from a straightforward computa-
tion. O

So, as an obvious corollary we have that

Corollary 2. The vector field Ry p and the bivector field A p induce a Jacobi
stucture on D X R if and only if the nonholonomic bracket satisfies the Jacobi iden-
tity.

This result motivates the following definition.

Definition 7. Let M be a manifold with a vector field E and a bivector field A. The
triple (M, A, E) is said to be an almost Jacobi structure if the pair (C*°(M),{-,-}) is
an almost Lie algebra satisfying the generalized Leibniz rule (103) where the bracket
is given by

{f,g} = A(df,dg) + fE(g9) — gE(f) (104)

With this, the triple (D x R, Ar p, —Rpr,p) is an almost Jacobi structure. Of
course, the study of the intrisic properties of almost Jacobi structures on general
manifolds has a great interest from the mathematical point of view. However, this
could distract the reader from the main goal of this paper. So, here we will only
focus on the necessary properties for our develoment.
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Let F be a function on the contact manifold (T'Q x R, 7). Then, we define the
constrained Hamiltonian vector field XE by the equation
XP =fa, p (AF) — FRL p. (105)
Then, by using Theorem 11 we have that the solution I';, p of Eq. (67) is a particular
case of constrained Hamiltonian vector field. In fact,
Tp=Xp, .

As in the case without constraints, we have many equivalent ways of defining
these vector fields.

Proposition 7. Let F' be a function on TQ x R. The following statements are
equivalent:

(i) XPE is the constrained Hamiltonian vector field of F.

(i1) It satisfies the following equation,

XE =P (tL (P*dF)) = (Rep (F) + F) R p. (106)
(i4i) The following equation holds,
XF =P (Xr) =P (tr, (Q*dF)). (107)
Proof. Let g a smooth function of TQ x R. Then,
XP(9) = {tans (AF)}(9) — FRLp (9)

= {P(tr, (P*dF))}(9) — FRL,p (9)

= {P (L (P*dF)—P*dF (Rz)Rr)} (9) — FRLp (9)
= {P{L(P"dF) —Rrp (F)Rep)} (9) — FRLp (9)
= Pt (dF))(9) = (Rep (F)+ F)Rrp(9)

This proves that (i) is equivalent to (7). The equivalence between (i) and
(#4i) follows using the natural decomposition of 4, (dF) into #o, (P*dF) and
b, (Q°F). 0

Notice that the constrained Hamiltonian vector field XE is just a vector field
along the submanifold D x R.

Corollary 3. Let F be a function on TQ x R. Then, it satisfies that
nL(XE) = —F. (108)
Proof. By using Proposition 1, Remark 4 and Proposition 7, we have that
L (XP) = nn (P (Xr) =P (fa, (Q°dF)))
nr (Xr —a, (Q7dF))
= —F—nr(fa, (Q°dF))

On the other hand,
ne (B4, (Q7dF)) = nu (82 (Q7dF) —{Q(Rr)} (F)RL)
= (2 (Q7dF)) —{Q(Rr)} (F) = 0.
O
As a consequence of this corollary we have that the correspondence F + XE is,

in fact, an isomorphism of vector spaces. By means of this isomoprhism, we may
prove the following result.
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Proposition 8. The nonholonomic bracket {-,-}1 A satisfies the Jacobi identity if
and only if
[XF. X&) = X{rayan

i.e., the correspondence F' X}? s an isomorphism of Lie algebras.

Proof. Let us consider four arbitrary functions F, G, H, f € C*°(M). Then,

{fFAG,Hipatra = fAFAG H}palpa+ F{f,{G,H}ra}LA
+fF’RL7D ({G,H}LyA)

{HAfF,Gypaton = {H, f{F,G}ratea+{H F{f,G}ra}tra

HH, fFRLp (G)}r.a
= f{HAF,G}ralra+{F.G}oa{H, f}ra

—f{F.G}aRLD (H)
+F{H,{f,G}ra}r.a +{f,G}a{H, F}ra
—F{f,G}raRrp (H)
+fF{H,R.p (G)}r,a +Rep (G) [f{H, F}ra
+ F{H, ftran — fFRLp (H)]

{GAH, fFypatra = —AG fAF,H}patoa —{G, F{f,H}rA}rL A
—{G, fFRLp (H)}1A
= —HGAF Htpatoa —{F,H} L aA{G, f}ra
+f{F,H}L,ARL D (G)
—F{GAf. H}ratra —{f,H}La{G. F}r A
+F{f,H}LARLD (G)
—fF{G,Rrp(H)}ra —Rep (H)[f{G, F}ra
—F{G, ftr.a+ fFRLp (G)]
So, adding these equalities we have that,
{fFAG H}patpa +{H AfF.G}oatoa +{G.{H, fF}Lalra =
—[FRLp ({G, H}ra) — fF{H,Rep (G)}r,a —{G, Rep (H)} LAl
+ f{FAG Hyatoa +{HAF, Gatoa +{G{H, F}ratral
+F{fAG HYpatpa +{HAS,Gyratea +{G {H, f}ra}r.al
On the other hand,

XF (XE (H)) = {F{G. H}ralra—H{F,Rrp(G)}ra—Rep (G){F,H}ra
+HRLp (G) Rr,p (F) — [{G, H}L,A — HRLDp (G)} RrLp (F)

(109)

Hence,
XF(XE (H) - X& (Xg (H)) = {FAG H}ratra +{G {H,F}ra}ra
—~H[{F,RLp(G)}r.a —{G, Rep (F)}r,al
Thus, we have that
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XI? (Xg (H)) - Xg (XE (H)) - X{DF,G}L,A (H) =

{FAG HYp aYpa +{GAH, Fypatra +{HAF, G} alra (110)
+HRpp {F,G}ra) —H{F,Rep (G)}ra —{G Rrp (F)}r,al
The result now follows directly from Eq. (109) and Eq. (110). O

We will now use this result to characterize an integrability condition on the
constraint submanifold. Assume that D is an integrable distribution on @, i.e., the
constrained Lagrangian system is semiholonomic. Let (q’) be a foliated system of
coordinates on () associated to D. Then

0
- D, i>k.
gt !
So, we may assume that the constraint are ®* = d¢® for a < k. Then,
0 0
Zo=—-W"—
kg
Hence 5
Weil; = —— GS, a>k.
ol
On the other hand, it is obvious that
o 9 0
— — == €T (D xR),
0z’ 0gi’ O¢" ( )

for any j and ¢ < k. Then,

0 0 0 0 0 0 0
P(aqi)—aqw P(m)‘aq P(m)‘az’ P(aqa)‘“’

for all j, i < k and a > k. We only have to use these equatlities to check that the
Jacobi identity is satisfied in these coordinates, i.e., the integrability of the con-
straint manifold implies that the nonholonomic bracket induces a Jacobi structure
on D x R. We may in fact prove that these two statements are equivalent.

Theorem 13. The constrained Lagrangian system (L, D) is semiholonomic if and
only if the nonholonomic bracket satisfies the Jacobi identity.

Proof. Let ®* be the constraint functions. Consider ®* = ®%dq’ the associated
1—forms generating DI, Then,

P*O = &%, Va.

This is a direct consequence of the fact that P*dg’ = d¢* for all i. Let us fix
F € C>*(TQ x R). Taking into account that P*dF € §°, we have that

0 = PdF(Z,)
PHAF (ﬁL (cp))
— PHAF (ﬁL (P*éa))
Thus, by using Eq. (106) and Ry p € D', we deduce that
o (XF) =0,
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0
ie, X2 e D forall F €C®(TQ xR). Let {X; = Xga—qz} be a (local) basis of D.

Then, consider A, the local functions on TQ x R induced by the 1—forms X;dq".
Hence, by taking into account that the correspondence F +— XE is an isomorphism
of vector spaces, we have that the family {XY , XP} is a (local) basis of D' where
z is the natural projection of T'QQ x R onto R.

So, taking into account Proposition 8, we have that the distribution D! is invo-
lutive.
Consider now an arbitrary vector field X on Q. Then, there exists a (local) vector
field X! on TQ x R which is (7g o prrgxr) —related with X, i.e., the diagram

TQXRL T(TQ x R)
TQOPTTQ xR T(TQOpTTQX]R)

Q = » TQ

is commutative. In fact, let us consider a (local) basis {c?} of section of Tgoprrgxr.
Then, we may construct X* as follows

for all ¢ in the domain of the basis. It is finally trivial to check that X € D if
and only if any vector field X! on TQ x R (Tq o prroxr) —related with X is in Dl
Thus, D is also involutive and, therefore, integrable. O

Therefore, we have proved that the nonholonomic condition of the constrained
Lagrangian system (L, D) may be checked by the Jacobi identity of the nonholo-
nomic bracket.

Example 2. Chaplygin’s sleigh. We will present here a model for a sleight with
homogeneous and isotropic Rayleigh dissipation.

A detailed study of the Chaplygin’s sleight may be found in [9, 37]. The nonholo-
nomic character of this example has been investigated in [11]. The system, which
is described in [37], has a configuration space @ = R? x S!, with coordinates (z,y),
describing the position of a blade and an angle 6, which describes its rotation. We
added an extra term 7z, which accounts for friction with the medium following the
model of Rayleigh dissipation [25, 5, 6]. So, the resulting Lagrangian is given by

1 . 2
L=={(acos(¢p)—Bsin(¢))o+7) +
5 ((arcos (6) = Bsin (6) +9) -

> ((Beos (6) +asin ()b~ 7) +¢* 412

where v is the friction coefficient of the carriage with the medium, and («, 8) is
the position of the sleight center of gravity C' in the reference frame formed by the
axes A and B (see 1). The units are normalized so that the mass and the radius of
inertia of the sleight is 1.

Thus, the contact form 7, is written as follows
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FIGURE 1.

n = ((Beos () + asin (¢))é — ) do + (—(acos (¢) — Asin (¢))d — §) dy
+ (f (a2 +8%+ 2)¢ + (B cos (o) + asin (¢))E — (acos (¢p) — Bsin (¢))y) do

+dz
o 0
Furthermore, it is easy to check that Ry = %
z
Observe that the Hessian matrix (W;;) = ( 6?%1.,-) is just
1 0 —pBcos(p)— asin(g)
0 1 acos(¢p) — Bsin(¢) |,
—Bcos (@) —asin(¢) «acos(p)— Fsin (@) a?+pB2+2

which has determinant 2, hence the system is regular.
Next, we will calculate the distribution &, which, in this case, has rank 1. We
find the generating vector field Z; (see Eq. (73)) by using formula (75):

7y = (— af cos (@) — % (0 +2) sin(qb)) (,%
1 : 1 g 1 0
+ (—2 afsin (@) + 3 (a® +2) cos ((;5)) Fr iaa—q.s

Thus, S = (Z;). We will now prove the ezistence and uniqueness of the solutions
of the problem by using Eq. (77). Thus, we should study if the matrix (Co) =
(fW“%/sz;‘) is regular. A direct calculation shows that the matrix (Cyp), which in
this case is a real number:

Cap = —1/20% — 1

Therefore, we may conclude that our system has the property of uniqueness and
existence of solutions.
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The projector P (Eq. (79)) has the following nonzero components

pr, =1

pY, =1

P“’i =1

Pf, = —1(a®+20)pi— (o +4a%+4)y

P, = —1(a? +2a)ﬂcos(¢)sin(¢)f%(a4+4a2+4)sin(¢)2+1
’Piy = 1(a? +2a)5cos(¢)2+%(a4+4a2+4) cos (¢) sin (¢)
P% = —1(aP+2a)By+1(at+4a®+4)i

Pyi, = —1(a3 +2a)ﬁsm(¢)2+%(a4+4a2+4)cos(¢)sin(¢)
Pyy i(a® +2a)ﬁcos(¢)sin(¢)f%(a4+4a2+4)cos(¢)2+1
’P¢¢ = —1(a®+2a)icos(¢) — 1 (e +2a)ysin(¢)

’P‘Z = i(a —|—2a) sin (¢)

’P".ﬁy. = (o +2a)cos(9)

P“’q; =1

Pz, =1

The dynamics of the unconstrained system is then given by

L= 4o+ b+ ((acos(9) = Bsin(6)F +92) o
0

P 9 .49
+ ((ﬁcos (¢) + asin (¢))d +Viy> By +7¢8¢ (112)

+ (5 (02 + 82+ 2)¢2 — (Beos () + ausin ()i

F(acos (9) — Bsin ()b + 387+ 3 3 +72) o

The constrained dynamics I'r, p is given by projecting I'r:

9, 2+<;6—
oz Y By

+ (le ((a* +40a?)Bsin(¢) + ((o® +2)B% + 4a) cos (¢))d?

FLD =r—

- i (o* + 402 +4)dy — i ((a3+2a)5¢3—47)x'>3

o (113)

+ (o +40®)Beos (¢) — ((o° +20a) 8 +4a) sin (9))

. 0
i(a +40? +4)q’)x—i((a3+2a)6¢—4'y)y'>ay
(2 +20) 5¢2cos(¢)(a3+2a)q5j7+47¢5cos(¢)> )

4 cos (¢) 96

_|_ O
d¢

+
1 ) : ;
+ (2 o2 + B2 +2)¢? — (Beos (¢) + asin (¢)) e

+  (acos(¢) — Bsin (¢))dy + %@2 + %g)? +7z> %
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Hence, the equations of motion are the following:

g'é:i((a +402)Bsin (¢) + ((o® +20a) 8% + 4a) cos (¢)) $?
i(a + 402 +4)¢y—7((a3+2a)5¢3—47)5€
ij i((a +4o ),BCOS(¢)— ((a3+2a)52+4a)sin(q§))¢2
+i(a +4a*+4)¢ —i((a3+2a)ﬁ<{b—4v)y (114)
_ (a® +20)Bd? cos (¢) — (o +2a) i + 46 cos ()
4 cos (¢)
2= (% + B +2)¢* — (Beos (¢) + asin(¢))d

. o1 1.
(accos (¢) — Bsin (¢)dy + 5 3% + 5§ + 72,
The nonzero nonholonomic brackets are given between the coordinate functions
and the constant 1 (which are sufficient to characterise the almost-Jacobi algebra)
are given by:

{1?Z}L,A = —1
{¢".2}pn = ¢
{d" 2}ra = 2¢ ‘
{z,i}ra = faS4+3a'+1(a®+40a%)Bcos(d)sin(¢)
. —% (a6+6a4—(a4+22a21—4)52+8a2+8)cos(q5)2+a2
{.9}a = —1(a®+4a®)Bcos(¢)” + 5 (a® +4a%)3
1 af+6a— (a*+2a? —4)B2 +8a®+8) cos (¢) sin (¢)
{z,0}pa = 3 ?o/l +20a? —4)Bcos (@) + £ (a® +40a?) sin (¢)
{y,itra = —1(a®+40a®)Bcos (¢)* + (P +40*)p
f% (@®+6a*— (a*+2a% —4)B% +8a? + 8) cos (¢) sin (¢)
{v,0}ra = zaf4+3at—1(a"+ 4a‘°’)ﬂcos (¢) sin (¢)
—% (a6+6a4 (a +20? )ﬁ2+8a2+8) sin (¢)” + o2
{y,é}L,A = % a*+2a? - ,851n(¢)—%(a +4a )cos(¢)
{¢p,i}pa = 5 (a*+2a%—4)Bcos(¢)+ 35 (® —|—4a)sm(gb)
{0.9}ra = z(a‘L +2a? —4)Bsin ((;S) 5 (@ +40?) cos (¢)
{00} = éai + 3 92 -3
{Z,9}ea = Q(SQCO% (a®+4ar + (a* +402)5%) ¢
{i,d}pa = f% E(o; +4)104 2)Bsin (¢) — (a® +20° — 4a) cos (¢))d
. +g (0" +2)y .
{g,0}ra = 3 g(E)/:—F 40)42)6005 (@) + (&® +20® —4a)sin(¢))¢
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